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Abstract. We construct the first exact statistically homogeneous and isotropic cosmological
solution in which inhomogeneity has a significant effect on the expansion rate. The universe is
modelled as a Swiss Cheese, with dust FRW background and inhomogeneous holes. We show
that if the holes are described by the quasispherical Szekeres solution, their average expansion
rate is close to the background under certain rather general conditions. We specialise to
spherically symmetric holes and violate one of these conditions. As a result, the average
expansion rate at late times grows relative to the background, i.e. backreaction is significant.
The holes fit smoothly into the background, but are larger on the inside than a corresponding
background domain: we call them Tardis regions. We study light propagation, find the
effective equations of state and consider the relation of the spatially averaged expansion rate
to the redshift and the angular diameter distance.
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1 Introduction
The backreaction conjecture. Predictions of homogeneous and isotropic models of the
universe with ordinary matter (with non-negative pressure) and ordinary gravity (based
on the four-dimensional Einstein-Hilbert action) disagree with observations of cosmological
distances and average expansion rate at late times by a factor of two (see [1] for discussion
and references). The problem is usually addressed by introducing exotic matter with negative
pressure or modifying gravity on large scales, leading to accelerated expansion. However, it is
possible that the failure of the predictions of homogeneous and isotropic models is related to
the known breakdown of homogeneity and isotropy due to structure formation, rather than
unknown fundamental physics.
An inhomogeneous and/or anisotropic space in general expands on average differently
than a space that is exactly homogeneous and isotropic. This feature of general relativity is
known as backreaction [2–6]; see [1, 7–10] for reviews. The possibility that the change of the
expansion rate due to structure formation would explain the observations of longer distances
and faster expansion is called the backreaction conjecture [11–15]. Because of backreaction,
the average expansion rate can accelerate even in a dust universe in which the local expansion
rate decelerates everywhere [16–20]. Inhomogeneity also changes the relation between the
expansion rate and distance, even in a statistically homogeneous and isotropic universe [20–
23], so explaining the observations does not necessarily require accelerating expansion. In
Newtonian cosmology [4] and in relativistic perturbation theory [24] backreaction is small
(the issue has also been studied with a non-standard perturbative formalism [25, 26]). Based
on a gradient expansion, it has been argued that backreaction is expected to be small even in
the non-linear regime of structure formation [27]. However, as the density contrast goes non-
linear, gradients become large and the expansion breaks down. In a semirealistic statistical
model, the magnitude of the observed change in the expansion rate and the timescale of
ten billion years emerge from the physics of structure formation [28, 29]. There is no fully
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realistic calculation, and the amplitude of backreaction in the real universe remains an open
question.
Expansion rate and light propagation. In studies of backreaction, the average expan-
sion rate and other spatial averages have often been considered without relating them to
observables such as the redshift and the angular diameter distance. On the other hand, in
most work on light propagation in inhomogeneous spacetimes it has been assumed, explicitly
or implicitly, that the average expansion rate is the same as in the exactly homogeneous and
isotropic Friedmann-Robertson-Walker (FRW) model [28].
In [17, 28] it was suggested that in statistically homogeneous and isotropic universes in
which the distribution evolves slowly, light propagation over long distances could be described
by a few average geometrical quantities, namely the scale factor (or equivalently the average
expansion rate) and the average spatial curvature. In [21, 22] it was argued that redshift and
angular diameter distance can, in a dust spacetime, be approximately calculated from just
the average expansion rate and the value of the matter density today (the average spatial
curvature at all times is not needed), and that null shear and light deflection are expected
to remain small. Quantitative studies of light propagation were consistent with this idea in
the weak sense that in statistically homogeneous and isotropic models in which the average
expansion rate is close to the FRW case, deviations in the redshift and distance had been
found to be small [28], and this is the case also for later studies [30–36]. The small anisotropy
of the cosmic microwave background is also consistent with large deviation of the expansion
rate from the FRW case [37].
Recently, the average expansion rate and light propagation have been considered in
models that display either full or partial statistical homogeneity and isotropy. In the absence
of such symmetry, there is no reason to expect the redshift and the distance to be calculable
from the average expansion rate. Indeed, that is not the case in spherically symmetric models
[23, 38–40].
Exact planar solutions with non-perturbative inhomogeneities have been studied in [41,
42]. In [41], the average expansion rate was not calculated, but for the geometry considered,
it reduces to the FRW case when over- and underdensities are compensated along the line of
sight, and in this case the redshift and the distance are also close to the FRW values. In [42],
variations in the expansion rate similarly cancel, and results for light propagation are close
to the FRW case. In [23], the relation between light propagation and the average expansion
rate was studied in several settings, including a planar configuration with FRW and Kasner
regions1, as well as a model with alternating expanding and collapsing dust FRW regions.
In contrast to previous studies, the average expansion rate in the models is different from
the FRW case. The average expansion rate was found to give a good description of light
propagation when the distribution along the light ray is statistically homogeneous. However,
the model with alternating FRW regions (unlike the FRW-Kasner model) is not a solution of
the Einstein equation, as the boundaries of different regions do not match together. In that
model, there is also some arbitrariness in the way the time spent by the light ray in different
regions was assigned.
The expansion rate and light propagation have also been studied in models with discrete
matter distribution [44, 45]2. The solutions of [44] are approximate and the results depend on
1A somewhat similar setup was presented in [43], with spatially flat non-dust solutions glued together
to produce a model whose average expansion rate is different from FRW, but light propagation was not
considered.
2Some non-perturbative calculations of the expansion rate, but not light propagation, in the case of a
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the method used to join lattice cells together, with the more reliable method leading to only
a small correction to the FRW results. In the perturbative calculation of [45], corrections to
the FRW case were found to be small. This is in agreement with the general result that in
the perturbative regime the average expansion rate and the redshift are close to the FRW
case. This is likely also true for the distance if the universe is statistically homogeneous and
isotropic [24]. Calculations for the distance in first and second order in perturbation theory
agree with this conjecture [48–50].
These studies support the idea that the redshift and the angular diameter distance are
determined by the average expansion rate when structures along the path of the light ray
are a representative sample of those in the volume over which the average is taken. However,
almost all exact solutions with statistical homogeneity (at least along the light ray) have had
average expansion rate close to the FRW case, whereas models with average expansion rate
very different from FRW have not been exact solutions. One exception is the Kasner-Eds
model in [23], though it is not statistically isotropic.
We present the first statistically homogeneous and isotropic exact solution in which
inhomogeneity has a significant impact on the expansion rate, and study the relation between
the average expansion rate and light propagation. Our model is based on the Swiss Cheese
construction [19, 30, 31, 33, 34, 51]. We start with a FRW dust model and replace some
spherical regions with the most general known exact dust solution, the Szekeres model [52],
[53] (page 387). In section 2 we prove that under certain general assumptions the average
expansion rate of the Szekeres Swiss Cheese model is close to the background. In section
3 we present our cosmological model that violates one of these assumptions, specialising to
the spherically symmetric subcase of the Szekeres model, the Lemaˆıtre-Tolman-Bondi (LTB)
model [53] (page 294), [54–56]. The model has surface layers, which have a large effect on
light propagation, and we consider modified versions of the redshift and the angular diameter
distance that are less affected by the surface layers. We study how well the redshift and the
distance are described by the average expansion rate, and consider effective equations of
state. In section 4 we discuss the results and their relation to previous work. In section 5 we
summarise our findings and mention possible directions for extending the work.
2 Szekeres Swiss Cheese
2.1 The Szekeres model
The metric, equations of motion and solutions. We consider inhomogeneous dust
solutions (“holes”) embedded in a FRW dust model (“background” or “cheese”). We take
the cosmological constant to be zero, so the Einstein equation is
Gαβ = 8πGNTαβ = 8πGNρmuαuβ , (2.1)
where GN is Newton’s constant, ρm is the dust energy density (we assume ρm ≥ 0) and
uα = δα0 is the four-velocity of observers comoving with the dust. The solution can have
surface layers, their contribution is not included in (2.1).
The most general known exact solution of (2.1) is the Szekeres model [52], [53] (page
387). The solution does not have any symmetries, i.e. there are no Killing vectors, but the
distribution of discrete masses have also been done in full numerical relativity [46], and length scales in an
instantaneously static model were studied in [47].
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form of the metric is nevertheless rather constrained. In comoving synchronous coordinates
the metric can be written as
ds2 = −dt2 +X(t, r, p, q)2dr2 + R(t, r)
2
E (r, p, q)2
(dp2 + dq2) , (2.2)
where t is the proper time of observers comoving with the dust fluid. Hypersurfaces of
constant t and r are called shells. The functions X and E are (we choose X ≥ 0)
X(t, r, p, q) =
|R′ −RE ′
E
|√
ǫ+ E(r)
(2.3)
E (r, p, q) =
S(r)
2
[(
p− P (r)
S(r)
)2
+
(
q −Q(r)
S(r)
)2
+ ǫ
]
, (2.4)
where E(r) ≥ −1, S(r), P (r) and Q(r) are free functions, prime denotes derivative with
respect to r and the parameter ǫ takes on values +1, 0,−1, respectively called the quasi-
spherical, quasiplanar and quasihyperbolic solutions. When ǫ ≥ 0, the coordinates p and q
take values in the range ] −∞,∞[; see [52] for the case ǫ = −1. The range of the t- and r-
coordinates depends on the specific solution. In the cases with ǫ ≤ 0, the volume of the shells
is infinite, so because we are interested in holes with finite volume, only the quasispherical
solution with ǫ = +1 is relevant. (We do not consider non-trivial topologies, which could
make the hypersurfaces compact.) The function R(t, r) ≥ 0 satisfies the equations
R˙(t, r)2 =
2M(r)
R(t, r)
+ E(r) (2.5)
ρm(t, r, p, q) =
1
4πGN
M ′ − 3M E ′
E
R2
(
R′ −RE ′
E
) , (2.6)
where dot denotes derivative with respect to t andM(r) is a free function with the dimension
of length. The solutions of (2.5) are as follows.
For E(r) < 0,
R(t, r) =
M
|E| (1− cos η) , η − sin η =
|E|3/2
M
(t− tB(r)) . (2.7)
For E(r) = 0,
R(t, r) =
(
9
2
M(t− tB(r))2
)1/3
. (2.8)
For E(r) > 0,
R(t, r) =
M
E
(cosh η − 1) , sinh η − η = E
3/2
M
(t− tB(r)) . (2.9)
Here tB(r) is a free function that indicates the time when the big bang happens at radius r.
Time-reversed versions of (2.7)–(2.9), where tB(r) indicates the big crunch time instead, are
also solutions. In addition to the big bang or big crunch, Szekeres models can also have shell
crossing singularities [52, 57, 58]. We consider only models that are free of shell crossings at
least up to the present day.
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Subcases. When E ′ = 0, we have the isotropic subcase of the Szekeres model, the LTB
model [53] (page 294), [54–56]. In this case, R is the areal radius and Rp ≡
∫ r
0 dr
′X(t, r′) ≥ 0
is the proper radius of a sphere centred on r = 0. The function X reduces to
X(t, r) =
|R′(t, r)|√
1 + E(r)
≡ R
′(t, r)√
1 + E(r)
s(r) , (2.10)
where s(r) ≡ sign(R′) (any zeroes of R′ have to be at constant r for the density (2.6) to be
non-divergent). For observers comoving with the dust fluid, the volume expansion rate θ,
shear tensor σαβ, and spatial curvature
(3)R are (for the definitions, see [59–63])
θ = 2
R˙
R
+
R˙′
R′
σαβ = diag
(
0,
2
3
,−1
3
,−1
3
)(
R˙′
R′
− R˙
R
)
(3)R = −2(ER)
′
R2R′
+ 4
√
1 +E
R
1
X
s′ , (2.11)
and the shear scalar is σ ≡
√
1
2σαβσ
αβ . Vorticity is necessarily zero because of spherical
symmetry3 and four-acceleration is zero because the matter is dust. If R′ changes sign, there
is a surface layer signified by the presence of the delta function s′, unless E = −1 at the
location where R′ = 0.
When E3/M2 = constant and tB
′ = 0, we have the homogeneous subcase of the LTB
model (i.e. the homogeneous and isotropic subcase of the Szekeres model), the FRW dust
model. Coordinates can be chosen such that
R(t, r) = a(t)r , E(r) = −Kr2 , M(r) = 4πGN
3
ρm(t)a(t)
3r3
ρm(t) = ρm(t0)
a(t0)
3
a(t)3
, θ(t) = 3H , σαβ = 0 ,
(3)R(t) = 6
K
a(t)2
, (2.12)
where K is a constant and H ≡ a˙/a. The subscript 0 refers to quantities evaluated at the
present time. The spatially flat case (K = 0) is known as the Einstein-de Sitter (EdS) model.
Matching conditions. A solution can consist of different Szekeres regions matched on
hypersurfaces of constant r. The matching is smooth if the Darmois junction conditions are
satisfied [64]. This means that the metric and the extrinsic curvature are continuous. (See
[65] for an exhaustive treatment of possible smooth matchings in the LTB case, and [66]
for a review of the case with static holes.) In particular, when R′ changes sign at one or
more shells r = ri, the Darmois junction conditions require E
′(ri, p, q) = 0 and E(ri) = −1.
If E(ri) 6= −1, there is a surface layer at ri, and the extrinsic curvature has a finite jump
whereas R, E , E, M , and tB remain continuous and non-divergent (see [57, 67, 68] for the
LTB case). The problem is not that R′ changes sign, but that X has an absolute value
structure. The sharp edge in the metric function X implies that there is a delta function
contribution in the Einstein tensor and the Weyl tensor, as in brane cosmology [69]. This
surface layer can be viewed as a 2+1-dimensional submanifold between regions of the 3+1-
dimensional manifold that have different signs of R′. There is a corresponding delta function
3Vorticity is also zero in the general Szekeres model.
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contribution on the matter side of the Einstein equation, which can be interpreted as a 2+1-
dimensional energy-momentum tensor on the surface layer. In the LTB case it corresponds
to energy density (3)ρ = ±32πGN
√
1 + E/R and pressure (3)p = −12
(3)
ρ. The sign is positive
if R′ switches from positive to negative as r increases past ri and negative in the opposite
case4.
The average expansion rate. The volume of an inhomogeneous dust region does not
necessarily evolve like the volume of a homogeneous and isotropic dust model [4, 5]. In
other words, the average expansion rate can be different from the FRW case, i.e. there can
be significant backreaction. The average expansion rate can even accelerate, as has been
demonstrated in LTB models [18, 19]5. However, embedding the Szekeres model into the
FRW model constrains the evolution. It is sometimes said that the average expansion rate of
a Swiss Cheese model is necessarily close to the background FRW model, and approximate
arguments to that effect have been presented for certain types of LTB regions [51]. We
consider the issue for general quasispherical Szekeres regions.
The proper volume of a region on the hypersurface of constant proper time t with
coordinate radius rV centred on the origin is [71]
V (t, rV ) =
∫
V
dV = 4π
∫ rV
0
dr
|R′|R2√
1 + E
, (2.13)
where dV is the proper volume element. Note that the function E does not affect the volume.
The volume expansion rate can be written as θ = dV˙ /dV . The average of a scalar quantity f
on the hypersurface of constant proper time t in a domain with coordinate radius rV centred
on the origin is
〈f〉 =
∫
V dV f∫
V dV
, (2.14)
and the average expansion rate is 〈θ〉 = V˙ /V .
2.2 Swiss Cheese theorem
Theorem. Assume that the following conditions are satisfied for a Szekeres model with
vanishing cosmological constant.
1. There is a regular origin at r = 0, so R(t, 0) = 0.
2. The function R is monotonic in the coordinate r, R′ ≥ 0.
3. There is a big bang singularity at t = tB(r) ≥ 0, and there are no other singularities at
least until time t = t0, with t0 − tB(r) ∼ t0.
4. The spacetime matches smoothly to a FRW dust universe (called the background) at
r = rb.
4There is a sign mistake in equation 19 of [68].
5Conditions for volume acceleration in LTB models with R′ > 0 have been studied in [70]. However, the
analysis seems to have errors. In particular, the proof of Lemma 1 on page 10, quoted from proposition 3 of
their reference 54, is incorrect, because parameters α, β, γ, δ are not independent of r and rtv.
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5. At t = t0, the function R at the matching surface is small compared to the background
spacetime curvature radius.
Then the average expansion rate is close to the background FRW value
〈θ〉 ≃ 3H [1 +O(ǫ)] , (2.15)
at all times t ≤ t0, where ǫ ∼ max
{
(rb/t0)
2, [rb/(t0 − tB)]
2
3
(
H20r
2
b +K
2r2b
) 2
3
}
. Without loss
of generality, we have chosen tB(r) = 0 and a(t0) = 1 for the background.
Proof. We first demonstrate that if |E(r)| ≪ 1 for all r ≤ rb, the average expansion rate
is close to the FRW background. We then show that the above assumptions imply |E| ≪ 1.
If we have |E| ≪ 1, the volume of the hole is
V (t, rb) = 4π
∫ rb
0
dr
|R′|R2√
1 + E
≃ 4π[1 +O(|E|max)]
∫ rb
0
drR′R2
=
4π
3
a(t)3r3b[1 +O(|E|max)] , (2.16)
where |E|max is the maximum value of |E| within r ≤ rb. As the relative deviation of the
volume from the volume of a FRW background region (with the same coordinate radius) is
small and independent of time, the average expansion rate 〈θ〉 = V˙ /V is also close to its
background value.
Let us now prove that the condition |E| ≪ 1 holds. There can be regions inside the
hole with different signs of E. We first consider regions with E > 0. From (2.5) we have
R˙ = ±
√
2M
R
+ E . (2.17)
The function E ′ has at least one zero for all r, so the requirement that the energy density
is non-negative together with assumption 2 implies that M ′ ≥ 0 via (2.6). A regular origin
implies that M(0) = 0, so M ≥ 0. Therefore R˙ cannot vanish for a shell with E > 0, so it
is either positive or negative at all times. The latter case implies that the region has always
collapsed, in contradiction with assumption 3. We thus have R˙ > 0 and
R(t, r) = R(0, r) +
∫ t
0
dt
√
2M(r)
R(t, r)
+ E(r) ≥ t
√
E(r) , (2.18)
so we get E ≤ R(t, r)2/t2 ≤ R(t, rb)2/t2 = a(t)2r2b/t2. Putting t = t0 and using assumption
5, we have E ≪ 1. The physical reason is that positive E increases the expansion rate, and
because the hole is small, a shell that expands too fast will soon encounter the boundary of
the hole, leading to a shell crossing singularity.
Let us now consider regions with E < 0. Equation (2.7) shows that they collapse at
η = 2π, so
t− tB(r) < 2πM(r)|E(r)| 32
≤ 2πM(rb)
|E(r)| 32
= π
(
H2 +
K
a2
)
a3r3b
1
|E(r)| 32
, (2.19)
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where the second inequality follows from M ′ ≥ 0 and the last equality follows from (2.5)
and (2.12). We get the inequality |E| < π 23
(
arb
t−tB
) 2
3 (
H2a2r2b +K
2r2b
) 2
3 , so putting t = t0
and using assumption 5 gives |E| ≪ 1. In this case the physical reason is that regions with
more negative E expand slower and collapse sooner, so large |E| corresponds to a short-lived
region. This concludes the proof.
Comments. In addition to excluding models with shell crossings, assumption 3 rules out
geodesically extendible backgrounds and backgrounds that are time-reverse of models that
expand from a big bang singularity. The condition t0 − tB(r) ∼ t0 means that at t0 the
age of all regions of the universe is of the order of the age of the background universe.
Assumption 4 could be replaced by the weaker condition that the spacetime approaches
the background solution only asymptotically, with the deviation of the functions R and
M from the background being small at r = rb. Regarding assumption 5, the spacetime
curvature radius of the background is |R00|−
1
2 =
(
3
2
)− 1
2 (H2 + K/a2)−
1
2 . For a spatially
flat or negatively curved background, we have |K|/a2 ≤ H ∼ t−1, so the small radius
condition reduces to rb ≪ H−10 ∼ t0. For a positively curved background, the condition
is
√
r2bH
2
0 + (rb/rK)
2 ≪ 1, where rK ≡ K−1/2 is the maximum coordinate radius of the
hypersphere. So in addition to rb ≪ H−10 , the hole has to take up a small portion of the
total volume, rb ≪ rK . Together, these statements imply that also in this case rb ≪ t0.
(Note that for fixed rb, it is impossible to satisfy the condition arb ≪ |R00|−
1
2 at early times,
regardless of the value of K, because then |R00|−
1
2 ∝ t and arb ∝ t2/3.)
Assumption 2, R′ ≥ 0, can be replaced by assumption 2′, according to which there
are no surface layers, i.e. the Darmois junction conditions are satisfied. This can be seen as
follows. Assume that R′ changes sign at least once, and denote the largest value of r where
this happens by rmax. From the Darmois conditions it follows that E(rmax) = −1. Because
we have R′ ≥ 0 for r ≥ rmax, the above proof shows that the shell at rmax is short-lived if
assumptions 4 and 5 hold, so assumption 3 is violated.
3 Cosmological Tardis model
3.1 Tardis spacetime
Constructing the model. In order to to have significant backreaction in a Swiss Cheese
model, we have to violate at least one of the assumptions listed in section 2.2. The most
physical way to avoid singularities would be to include a realistic treatment of what happens
when shells cross and shock fronts form or how collapse is stabilised by rotation, pressure
or velocity dispersion [72]. This would take us beyond the Szekeres model, which is based
on irrotational dust. Keeping to the Szekeres model, and considering holes that are at late
times much smaller than the horizon and have regular centres, we drop assumption 2 about
monotonicity of R.
We restrict to the LTB subcase, E ′ = 0, and consider the simplest possibility, where
R′ has one maximum at r = r1 and one minimum at r = r2 > r1.
6 We thus have R′ > 0
for 0 ≤ r < r1 and r > r2 and R′ < 0 for r1 < r < r2. (The proper radius Rp and the
6Some common choices of coordinate system such as R(t0, r) ∝ r or M(r) ∝ r
3 exclude this possibility
and thus restrict the generality of the solution. Even though the LTB metric and the equations of motion are
covariant under the transformation r → r′(r), this does not imply that any one of the three functions E, M
and tB could be set to any functional form without loss of generality.
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Figure 1. a) The function E(r). b) The function M(r) divided by its value on the boundary, M(rb).
proper volume (2.13) are monotonic in r.) Equation (2.6) shows that M ′ has zeroes at the
same values of r as R′, so M ′ is negative for r1 < r < r2. Nevertheless, the energy density
integrated over the proper volume is monotonic in r. The function M = 4π
∫
drR′R2ρm
differs from the volume integral of the energy density by the absence of 1/
√
1 +E in the
integrand and, more importantly, the substitution of R′ for |R′|. The function M(r) is the
effective (or active) gravitating mass, which generates the gravitational field [53] (page 298),
[56], and there is no physical reason for it not to decrease with radius. In fact, ρm ≥ 0 does
not even rule out M < 0, though we will have M ≥ 0 everywhere (M < 0 would imply
R¨ > 0). For discussion of mass in general relativity in a static setting, see [73].
With a non-monotonic R′, the condition |E| ≪ 1 is no longer required to avoid early
shell crossing or collapse. Nevertheless, E(r) & 1 implies R(t0, r) & (t0/rb)
√
E(r)R(t0, rb)≫
R(t0, rb) via (2.18), so the discrepancy between the volume of the hole and the region it
displaces is more extreme than in the case E ≪ 1. In the case E(r) < 0, |E(r)| ∼ 1, we have
the constraint M(r) & ǫ−3M(rb). To avoid late-time apparent horizons, the condition for
which is R = 2M [53] (page 311), there must be a similarly drastic difference in the values of
R inside and outside. We consider only the case E ≥ 0 and keep E ≪ 1. We take a spatially
flat background, so the cheese consists of the EdS model. We are free to choose the three
functions M(r), E(r) and tB(r). We take tB(r) = 0, so at early times the hole is close to the
FRW background [74]. Otherwise, we do not attempt to make the holes realistic. For M(r)
we choose
M(r) =
1
2
H20r
3
[
1 + e
−
(
r−rpeak
Arb
)10]
, (3.1)
where rpeak = 0.85rb and A = 10
−1.2. The large power of r in the exponent is chosen to
damp the tail, so that the junction conditions are satisfied with good numerical accuracy
at r = rb. The function M(r) has extrema at r1 = 0.89rb and r2 = 0.92rb. In this case,
the condition for no shell crossings reduces to the requirement that E′ = 0 at r = r1 and
sign(E′)sign(M ′) ≥ 0 elsewhere. For E(r), we choose a cubic spline that is symmetric about
a maximum at r1 = 0.89rb and has E(r2) = 0. The functions E and M are shown in figure
1. As discussed in section 2, there are surface layers at r = ri.
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Figure 2. a) The areal radius relative to the background value, R/(ar). b) The local expansion
rate normalised to the background expansion rate, θ/(3H). c) The shear scalar normalised to the
background expansion rate, σ/H . d) The energy density normalised to the background energy density,
ρm/ρmb.
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Figure 3. The spatial curvature normalised to the
background expansion rate, (3)R/H2.
In figure 2 we show the areal radius,
expansion rate, shear scalar and energy den-
sity as a function of r at different times. The
maximum value of the areal radius inside the
hole reaches about 1.7 times the background
value, the minimum of the density drops to
less than 3% of the background value, and
the maximum of the expansion rate grows
to about 1.4 times the background value. At
early times, θ, σ and ρm asymptotically ap-
proach their FRW values.
The model is free of shell crossings at
all times. Because R′ changes sign, the areal
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radius inside the hole can grow larger than the areal radius at the boundary, so it is possible
for shells to expand fast without colliding with the boundary. The proper volume (2.13) of
the hole is
V (t, rb) ≃ 4π
3
[
R3b + 2R
3
1 − 2R32
]
, (3.2)
where we have denoted Rb ≡ R(t, rb), Ri ≡ R(t, ri). As R1 > R2, the volume is larger than in
the FRW case, and the average expansion (from (2.11) and (2.14)) is correspondingly faster:
〈θ〉 ≃ 3H
1 + 2 R˙1R1
(
R1
Rb
)3
− 2 R˙2R2
(
R2
Rb
)3
1 + 2
(
R1
Rb
)3
− 2
(
R2
Rb
)3 . (3.3)
The average spatial curvature and the average energy density are, from (2.6), (2.11) and
(2.14),
〈(3)R〉 ≃ −2
∫ rb
0 dr
|R′|
R′ (ER)
′∫ rb
0 dr|R′|R2
= −6 E1R1
R3b + 2R
3
1 − 2R32
〈ρm〉 ≃ 1
4πGN
∫ rb
0 dr|M ′|∫ rb
0 dr|R′|R2
=
3
4πGN
Mb + 2M1 − 2M2
R3b + 2R
3
1 − 2R32
, (3.4)
where Ei ≡ E(ri),Mi ≡ M(ri),Mb ≡ M(rb) and we have taken into account that absence
of singularities requires E(0) = 0,M(0) = 0. Note that |E| ≪ 1 does not imply that the
spatial curvature would be small either locally or on average. The spatial curvature is shown
in figure 3. For our choices of E and M , the spatial curvature does not approach its FRW
value even at early times, unlike the expansion rate, shear and energy density.
Inner and outer size. We have removed a portion of spacetime and fitted in its place
another region that fits smoothly into the hole on the boundary, but has larger spatial volume
than the removed part. We call a solution that features one or more such domains whose
inner dimensions seem at odds with the outer a Tardis spacetime, and refer to the embedded
domains as Tardis regions7. A Tardis region can be much larger than expected from its
surface area and the linear size it occupies in the background spacetime based on Euclidean
intuition. (Note that the surface layer is located inside the Tardis region, and the interface
between the Tardis region and the outside world appears normal.) The proper radius and
proper volume of the hole relative to the background are shown in figure 4. The proper
radius is today about 2 times as large as that of the removed region, and the proper volume
is about 7 times as large. The relation 〈θ〉 = V˙ /V implies that if the average expansion rate
is different from the background (and monotonic), the volume element will also be different,
but the reverse does not hold true. At early times, the average expansion rate is close to
FRW, but the proper radius and proper volume do not approach their FRW values, as R is
discontinuous at all times. It would be possible to tune the functionM(r) so that the volume
of the hole is close to the background at early times, but this is not a necessary consequence
of time evolution, unlike for the expansion rate, shear and energy density.
As the volume element is defined locally, its values inside a given volume are not de-
termined by the values on the boundary. We have defined the Tardis region in terms of
7http://www.oed.com/viewdictionaryentry/Entry/247369
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Figure 4. a) Proper radius relative to a background region with the same areal radius, Rp/(ar). b)
Proper volume relative to the volume of a background region with the same areal radius, V/Vb.
embedding into a background spacetime, so the volume of the embedded region can be
compared with the corresponding background region. A realistic model would not consist
of isolated regions embedded in a homogeneous and isotropic background that provides a
global point of comparison8. Nevertheless, the Tardis effect is central to general relativity
and can be formulated without reference to embedding. Consider a spherical region (i.e.
a simply connected volume such that all points on the boundary are at the same proper
distance from one point) in any three-dimensional curved space and define the areal radius
by R ≡ √S/(4π), where S is the area of the boundary. In general, the proper radius of the
sphere is not R and its volume is not 4πR3/3. A well-known example is given by spatially
curved FRW models. In the real universe, underdense regions with negative curvature are in
this sense larger than expected, and overdense regions correspondingly smaller (neglecting
factors such as shear and rotation).
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Figure 5. The fraction of volume taken up by the
holes, as a function of the mean redshift (3.25).
Cosmological model. We construct a
cosmological model with a distribution of
time evolving underdense Tardis regions. In
the real universe voids, underdense regions
which expand faster than average, are a cen-
tral feature of the observed matter distribu-
tion. The void distribution is dominated by
voids of a certain size, whose evolution is
governed by the power spectrum of pertur-
bations. Typical void radius today is of the
order 20 Mpc ∼ 10−2H−10 [75]. We consider
holes that are all identical to each other,
with comoving areal radius rb = 0.01H
−1
0 ,
so that their outer size is similar to that of
real structures, though their density profile
8Though as the real universe has been close to FRW in the past, the volume of a region can be compared
to the volume that it would have if it had continued FRW evolution.
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(shown in figure 2) is not realistic. Real cosmological structures have a complex multiscale
arrangement of clusters, filaments and walls in addition to voids [76], and modelling this
accurately would require dealing with the statistics of hierarchical structure formation.
We distribute voids randomly in the background space with a uniform distribution, and
remove overlapping regions. The voids take up about 34% of the volume as measured by their
“outer size”, i.e. the size of the FRW regions they displace. As the volume of the voids grows
faster than the background, their fraction of the real volume increases in time, as shown in
figure 5.
3.2 Light propagation
Redshift, angular diameter distance and null shear. We consider light propagation
in the geometrical optics approximation, so light travels on null geodesics [77] (page 93), [78].
Photon momentum, which is tangent to the null geodesic, is denoted by kα = dx
α
dλ , where λ
is the affine parameter. Redshift measured by an observer comoving with the dust is given
by the ratio of the energy Es emitted at the source and the observed energy Eo,
1 + z =
Es
Eo
=
k0
k0o
, (3.5)
where we have used E = −uαkα = k0. We decompose kα into an amplitude and the direction,
and split the direction into components orthogonal and parallel to the dust geodesics,
kα = E(uα + eα) , (3.6)
where uαe
α = 0, eαe
α = 1. In terms of the covariant quantities (2.11), the redshift is (see
e.g. [21])
1 + z = exp
(∫ λo
λs
dλE
[
1
3
θ + σαβe
αeβ
])
. (3.7)
Because of spherical symmetry we can restrict our consideration to the hypersurface
θ = π/2 without loss of generality, so kθ = 0. The other components kα can be solved
from the null condition kαk
α = 0 and the null geodesic equation kβ∇βkα = 0. From the
φ-component of the latter we get kφ = cφ/R
2, where cφ is a constant. Defining the Euclidean
impact parameter as b ≡ rEmin/rb, where rEmin is the smallest r-coordinate the light ray would
have were the space Euclidean, we have cφ = brb. The other components of the null geodesic
equation give
dk0
dλ
+
R˙′
R′
(k0)2 +
(
R˙
R
− R˙
′
R′
)
c2φ
R2
= 0 (3.8)
d(Xkr)
dλ
+
R˙′
R′
k0Xkr − 1
X
R′
R
c2φ
R2
= 0 . (3.9)
The component kr generally diverges when X = 0, but Xkr remains finite. However, the
derivative d(Xk
r)
dλ jumps because of the absolute value structure of R
′/X in the last term in
(3.9). Correspondingly, the derivative of kφ jumps, as the components are related by the null
condition,
Xkr = ±
√
(k0)2 −
c2φ
R2
. (3.10)
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The area and shape of a bundle of null geodesics are solved from the Sachs equations:
dθ˜
dλ
+
1
2
θ˜2 + 2σ˜2 = −Gαβkαkβ
h˜ γα h˜
δ
β
dσ˜γδ
dλ
+ θ˜σ˜αβ = −kµkν h˜ γα h˜ δβ Cµγνδ , (3.11)
where θ˜ ≡ ∇αkα is the area expansion rate of the light bundle, σ˜αβ ≡ h˜ γα h˜ δβ ∇δkγ − 12 h˜αβ θ˜
is the null shear tensor which describes image deformation, σ˜ ≡
√
1
2 σ˜αβ σ˜
αβ is the null shear
scalar, h˜αβ projects on a two-dimensional surface orthogonal to the light ray and Cαβγδ is
the Weyl tensor. The quantities θ˜ and σ˜ are independent of the choice of h˜αβ .
The tensors Gαβ and Cαβγδ have delta functions in the shells where X = 0, coming
from terms of the form X ′/X. Exactly the same delta functions appear on the left-hand side
in dθ˜dλ and
dσ˜αβ
dλ , so the delta function parts of the equations are satisfied identically, and we
drop them in what follows. Because of spherical symmetry, σ˜αβ has only one independent
component, which we can express in terms of σ˜. For the LTB metric given by (2.2) and (2.3),
the smooth parts of the Sachs equations (3.11) reduce to9
dθ˜
dλ
+
1
2
θ˜2 + 2σ˜2 = −8πGNρm(k0)2 (3.12)
dσ˜
dλ
+ θ˜σ˜ =
cφ
R2
(
4πGNρm − 3M
R3
)
, (3.13)
where we have used the Einstein equation (2.1). The area expansion rate is related to the
angular diameter distance by DA ∝ exp
(
1
2
∫
dλθ˜
)
. For an observer located in the centre, we
would simply have σ˜ = 0 and DA = R. In terms of DA, (3.12) reads
d2DA
dλ2
= −[4πGNρm(k0)2 + σ˜2]DA . (3.14)
The sources on the right-hand side of the Sachs equations (3.12) and (3.13) are continu-
ous. Therefore the equations have solutions that are continuous; however, the solutions that
correspond to the spacetime with surface layers are those in which θ˜ and σ˜ and their first
derivatives have finite discontinuities at the locations where X = 0. The magnitude of the
jumps is given by the inverse size of the hole, so for one hole the relative change is of order
unity. When travelling cosmological distances, the relevant scale for θ˜ is H, so the jumps are
much larger than the continuous part. In other words, the surface layers completely distort
light propagation compared to the smooth case. It is also not clear whether the geometrical
optics approximation holds, as the curvature changes on an infinitely small scale when cross-
ing surface layers; the issue would have to be settled by studying the thin limit of a thick
shell.
We consider two modified versions of the light propagation calculation. In the first
case, we still calculate the photon momentum from the null geodesic equation but modify
the distance calculation by picking the continuous solutions of the Sachs equations (3.12) and
(3.13) instead of the discontinuous solutions. This corresponds to angular diameter distance
9In [33] there is a factor of 2 missing on the right-hand side of the equation corresponding to (3.13). This
has little effect on the results, as the null shear is negligible.
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in a spacetime without the surface layers. The absolute value structure of X still has an
effect on the calculation by causing a jump in dkφ/dλ according to the null geodesic equation
(3.9). This makes the light ray turn sharply when it crosses a surface layer. In order to
assess the importance of this effect on the redshift, we consider a second modification of light
propagation, in which we take the light rays to follow straight null lines as defined by the
background metric and calculate the redshift from (3.7). This removes light deflection due
to the unphysical surface layers. (In solutions without surface layers, there would of course
still be some light deflection, but it would be small.) However, these straight null rays are no
longer geodesic, so the Sachs equations do not hold and it is not meaningful to calculate the
angular diameter distance along them, so in the second case we consider only the redshift.
Light propagation calculation. We consider an octant of a ball with radius 60rb centered
on the observer, and fill it with voids drawn from a uniform distribution, removing overlapping
spheres. Beyond this region we generate the distribution of voids dynamically along the null
geodesic in order to cut down on computation time. We integrate from the observer to the
source, and stop the calculation when we reach time t = 2 × 10−3t0. A typical light ray
goes through approximately 35 ± 5 holes for the case when the light rays are geodesic, and
40 ± 5 when they go straight as defined by the background. We propagate the null shear
consistently using the Sachs equations, using the same procedure as in [33], which presented
the first correct treatment of the shear in Swiss Cheese models (in the prescription in which
the light rays are propagated from the observer to the source, as is common in the literature).
As in [33], the null shear is small, its contribution relative to the density in (3.14) is at most
10−3.
Equation (3.14) is linear, so the normalisation of DA is arbitrary. In the FRW model,
the normalisation is fixed and for small redshifts we have DA ≃ H−10 z, where H0 is the
current value of the Hubble parameter. When the expansion rate is inhomogeneous, as in
our model and in the real universe, the correct normalisation is less clear. The naive idea of
using the volume expansion rate at the observer’s location is inappropriate. For an observer
located in a stable object such as a galaxy, the local expansion rate is zero, and for an observer
located in a collapsing region it is negative. The choice of normalisation should be related
to how real observations are analysed. In practice, the value of H0 that is used is a weighted
average over some redshift range. For example, the determination of H0 in [79] uses data in
the ranges 0.023 < z < 0.1 and 0.01 < z < 0.1. On the theoretical side, the issue has been
discussed in [49, 80]. We normalise to the spatially averaged value of the volume expansion
rate, as also done in [23]. Let us discuss spatial averages in more detail before showing the
results of the light propagation calculation and commenting on how well the redshift and the
distance are described by the average expansion rate.
3.3 Average quantities
The average expansion rate. As discussed in section 1, it has been suggested that light
propagation in a statistically homogeneous and isotropic space in which the distribution
evolves slowly can be described in terms of the average expansion rate [17, 21–23, 28]. We
can now test this idea with our Swiss Cheese model.
The evolution and constraint equations for a general geometry can be written in terms
of the covariant quantities (2.11). For a general irrotational dust model, the scalar parts are
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[59–63]
θ˙ +
1
3
θ2 = −4πGNρm − 2σ2 (3.15)
1
3
θ2 = 8πGNρm − 1
2
(3)R+ σ2 (3.16)
0 = ρ˙m + θρm . (3.17)
In the present case, there are surface layers in addition to dust. Equation (2.11) shows
that θ and σ are smooth everywhere. In contrast, (3)R has a delta function contribution at
the locations where R′ = 0, as discussed in section 2. We have not written down the surface
layer contribution to the spatial curvature in (3.16), as it is exactly cancelled by the energy
density of the surface layer.
The scale factor a¯(t) that describes the evolution of the proper volume (not to be
confused with the background scale factor a(t)) is defined as
a¯(t) ≡
(
V (t)
V (t0)
) 1
3
, (3.18)
and the average Hubble parameter is defined as H¯ ≡ ˙¯a/a¯, or equivalently as 3H¯ = 〈θ〉.
Averaging (3.15)-(3.17) over the hypersurface of constant t, we obtain the Buchert equations
[5] that describe the evolution of a¯:
3
¨¯a
a¯
= −4πGN〈ρm〉+Q (3.19)
3
˙¯a2
a¯2
= 8πGN〈ρm〉 − 1
2
〈(3)R〉 − 1
2
Q (3.20)
0 = ∂t〈ρm〉+ 3
˙¯a
a¯
〈ρm〉 , (3.21)
where the backreaction variable is defined as Q ≡ 23
(〈θ2〉 − 〈θ〉2) − 2〈σ2〉. The integrability
condition between (3.19) and (3.20) is
∂t〈(3)R〉+ 2H¯〈(3)R〉 = −Q˙ − 6H¯Q . (3.22)
Dividing (3.19) and (3.20) by 3H¯2, we get [5]
qH ≡ − 1
H¯2
¨¯a
a¯
=
1
2
Ωm + 2ΩQ (3.23)
1 = Ωm +ΩR +ΩQ , (3.24)
where Ωm ≡ 8πGN 〈ρm〉/(3H¯2), ΩR ≡ −〈(3)R〉/(6H¯2) and ΩQ ≡ −Q/(6H¯2) are the density
parameters of matter, spatial curvature and the backreaction variable, respectively.
The average expansion rate times the age of the universe, H¯t, is shown in figure 6a as a
function of the mean redshift z¯ (defined below in (3.25)). At large redshifts (corresponding
to early times), the average expansion rate is close to the EdS case, but at redshifts of order
unity and smaller the holes expand significantly faster than the background, so H¯t grows.
In a universe completely dominated by completely empty voids, we would have H¯t = 1.
Note that the average expansion rate only decelerates less, it does not accelerate. The
corresponding deceleration parameter qH is shown in figure 6b, and it is positive at all times.
(We also show the deceleration parameters qD that correspond to the distance instead of
the average expansion rate; see section 3.5.) The density parameters are shown in figure 7.
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Figure 6. a) The average expansion rate times the age of the universe, H¯t, as a function of the mean
redshift (3.25). b) The deceleration parameters qH and qD as a function of the the mean redshift
(3.25). The quantity qD corresponding to the physical distance is shown as a function of the physical
redshift instead; see section 3.5.
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Figure 7. The density parameters Ωm, ΩR and
ΩQ as a function of the mean redshift (3.25).
The values today are Ωm0 = 0.32,ΩR0 =
0.69 and ΩQ0 = −0.01. The backreaction
variable is small at all times, |ΩQ| . 0.01.
This does not mean that inhomogeneities
have a small effect on the expansion rate,
just that the effect reduces to a spatial cur-
vature term that evolves like ∝ a¯−2, i.e. in
the same way as in the FRW case [28, 81, 82].
Mean redshift and angular diameter
distance. In [21, 22] it was argued that
in a statistically homogeneous and isotropic
dust universe in which the distribution
evolves slowly, the redshift is approximately
equal to the mean redshift over distances
larger than the homogeneity scale,
1 + z¯ ≡ a¯(t)−1 = e
∫ t0
t dt
′H¯(t′) , (3.25)
and the angular diameter distance can to first approximation be solved from
H¯
d
dz¯
[
(1 + z¯)2H¯
dDA
dz¯
]
= −4πGN〈ρm〉DA , (3.26)
where 4πGN〈ρm〉 = 32Ωm0H¯20 (1+ z¯)3 due to (3.21) and (3.25). The equation (3.26) determines
the distance, given H¯(z¯) and Ωm0. The luminosity distance is DL(z¯) = (1+ z¯)
2DA(z¯) [60, 83].
The quantities calculated from (3.25) and (3.26) are mean values, with small variations
expected for typical light rays, and possibly large variations for exceptional lines of sight, e.g.
in the case of strong lensing.
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Figure 8. a) The angular diameter distance calculated from the light propagation equations, from
the average expansion rate and in the background model. For the physical distance the error bars
show standard deviation for 1000 light rays, and the line shows an FRW model that gives a good fit.
Distance in the spatially flat ΛCDM model with the same Ωm0 = 0.32 as in the physical model is
also shown for comparison. b) The relative difference of the angular diameter distance corresponding
to the best-fit FRW model and the angular diameter distance calculated from the average expansion
rate.
3.4 Averages and light propagation
Angular diameter distance. Let us now see how well the mean quantities calculated
from (3.25) and (3.26) describe the redshift and the angular diameter distance calculated
with the light propagation equations, as discussed in section 3.2. In figure 8 we compare the
distance calculated from the null geodesic equation and the Sachs equations as a function of
the physical redshift, the mean distance calculated from from the average expansion rate using
(3.26) as a function of the mean redshift (3.25), and the background distance as a function of
the background redshift 1 + zb = a(t)
−1. The distance-redshift relation of the ΛCDM model
with the same Ωm0 = 0.32 as the Swiss Cheese model is also shown for comparison.
The physical distance10 is very different from the background distance. It is also slightly
different for different light rays. We have propagated 1000 light rays and fit a FRW model
with dust, spatial curvature and vacuum energy to the resulting points. A model with
Ωm0 = 0.42, ΩK0 = 0.44 and ΩΛ0 = 0.14 gives an excellent description of the physical
distance. The distance calculated from the average expansion rate also gives a reasonable
description of the physical distance up to z ≈ 1, but for higher redshifts the agreement is
rather poor. At z = 100 the distance calculated from the average expansion rate overestimates
the real distance by more than 30%. The discrepancy is related to the fact that the integrated
expansion rate and density along a light ray are different from the average quantities. Looking
at the redshift will show this in more detail.
Redshift. We consider the redshift calculated from the null geodesic equations without
change, as well as a modified redshift calculated from null curves that are straight according
to the background metric. In figure 9a we show the relative deviation from the background
for the redshift calculated from the null geodesic equation as well as for the mean redshift
10Recall that what we call the “physical distance” is based on the continuous solution of the Sachs equations
(3.12) and (3.13), with the jumps due to the surface layers neglected.
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Figure 9. a) The relative difference to the background redshift for the redshift calculated from the
null geodesic equation and the mean redshift calculated from the average expansion rate. The error
bars show the standard deviation for 1000 light rays. b) The relative difference between the redshift
calculated from the null geodesic equation and the mean redshift. c) The same as a), but with the
redshift calculated along null curves that are straight relative to the background instead of using the
null geodesic equation. d) The same as b), but with the redshift calculated along null curves that are
straight relative to the background instead of using the null geodesic equation.
z¯. In figure 9b we show the relative difference between the physical redshift and the mean
redshift. As with the distance, the physical redshift is quite different from the background
redshift, and the difference grows monotonically. The reason is that the expansion rate (and
the shear) along the light ray are different from the background expansion rate. The mean
redshift (3.25) calculated from the average expansion rate has the same systematic evolution
as the physical redshift, with statistical deviations of order 10% for small redshifts and 5%
for high redshifts. There appears to be a small systematic offset at large redshifts, though it
should be noted that as the bins are equally spaced in time, the largest redshifts are sparsely
sampled. In figures 9c and 9d we show the same comparison for the redshift calculated along
null curves that are straight according to the background metric, i.e. with the sharp turns
due to the surface layers neglected. In this case, the mean redshift agrees with the physical
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Figure 10. a) The relative difference from the background expansion rate for the expansion rate along
the light ray and the the spatial average of the expansion rate. The error bars show the standard
deviation for 1000 light rays. b) The same plot for the case when the light rays go straight according
to the background metric.
redshift even better, with a statistical error of less than 5% at all redshifts, showing that
most of the discrepancy between the physical redshift and the mean redshift in the full case
is due to the surface layers.
It is notable that in neither case is the mean expansion rate along the light ray the
same as the spatial average. In figure 10 we show the relative deviation from the background
expansion rate for the expansion rate along the light ray and the spatial average of the
expansion rate. For both treatments of the physical redshift, the expansion rate seen by the
light rays is between the background value and the spatial average. This is also true for the
energy density.
In [21, 22] it was argued that the mean expansion rate along a light ray and the spatial
average of the expansion rate should be close to each other for slowly evolving and small
structures with a statistically homogeneous and isotropic distribution. The argument was
that in the integral (3.7), one would the contributions of 13∆θ ≡ 13 (θ − 〈θ〉) and σαβeαeβ to
be highly suppressed for symmetry reasons. In the present case, these two terms cancel each
other, as in the near-FRW case [24], but they do not cancel individually. The expansion rate
seen by a typical light ray is quite different from the spatially averaged expansion rate, but
this difference cancels with the shear to leave only the contribution of the average expansion
rate. The importance of the shear can be seen in figure 11, which shows that the shear is
comparable to the deviation of the expansion rate along the null geodesic from the background
expansion rate. This is unexpected, and it would be interesting to repeat the analysis in an
exact solution that does not have surface layers.
3.5 Signatures of backreaction
FRW consistency parameters. If backreaction is significant, the relation between the
average expansion rate and the distance is in general different from the FRW case. This is
an important aspect of backreaction, which cannot be reproduced by any model based on
the four-dimensional FRW metric, regardless of the matter content or the equation of motion
[20, 21].
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Figure 11. a) The shear normalised to the background expansion rate, σαβe
αeβ/H , along the null
geodesic. The error bars show the standard deviation for 1000 light rays. The red line shows the
relative deviation of the expansion rate along the line of sight from the background expansion rate
(i.e. the quantity plotted in figure 9), without error bars. b) The same plot for the case when the
light rays go straight according to the background metric.
In addition to the average expansion rate H¯ that describes how the volume of the
universe evolves, it is useful to define a ’fitting’ expansion rate Hfit that describes how the
distance evolves [20]. Specifically, Hfit(z) is the expansion rate of the spatially flat FRW
“fitting model” that has the same distance-redshift relation DA(z) as the backreaction model.
In a FRW model, the angular diameter distance is11
DA(z) = (1 + z)
−1 1√−K sinh
(√−K ∫ z
0
dz˜
H(z˜)
)
, (3.27)
where K is the spatial curvature constant defined in (2.12). We thus have, defining D ≡
(1 + z)DA,
Hfit(z) =
1
D′(z)
, (3.28)
where the prime refers to derivative with respect to z, not r. As the distance is normalised
to D ≃ H¯−10 z for z ≪ 1, the expansion rates Hfit and H¯ agree at small redshift, and (if
backreaction is significant) disagree at large redshift.
As in [84], we can solve K from (3.27) to obtain
K =
1− (HD′)2
D2
. (3.29)
The relation (3.29) is now taken as the definition of a function K(z) in the general case when
the universe is not necessarily described by a FRW model, with the FRW expansion rate H
replaced by the average expansion rate H¯. (In general, K would also be function of angular
direction, but for distances larger than the homogeneity scale the directional dependence is
11Assuming that the expansion rate is strictly monotonic, so that redshift is a valid time coordinate, and
non-negative.
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Figure 12. a) The FRW consistency parameter k ≡ K/H¯20 . b) The z-derivative of k. c) The FRW
consistency parameter C .
expected to be small if the universe is statistically homogeneous and isotropic [21, 22].) In
terms of the fitting model expansion rate, we have
K(z) =
1− [H¯(z)/Hfit(z)]2[∫ z
0 dz˜/Hfit(z˜)
]2 . (3.30)
In [84], the following quantity was also introduced to quantify the deviation of K from
constant:
C ≡ − D
3
2D′
K ′ = 1 + H¯2(DD′′ −D′2) + H¯H¯ ′DD′ . (3.31)
If the average expansion rate, redshift and distance are well described by the FRW
model, K is constant and equal to −H¯20ΩR0. Observational ranges for K were determined
in [85, 86], with the result |K|/H¯20 . 1, though there may be significant systematic un-
certainty. If K is observed to vary with redshift, the universe cannot be described by any
four-dimensional FRW model. On the other hand, a magnitude of 0.1 . |K|/H¯20 . 1 is
expected if backreaction is significant in the real universe and light propagation is well de-
scribed by (3.25) and (3.26) [20], which is the case in our model for redshifts below unity.
However, a constant K does not rule out significant backreaction, because clumpiness could
in principle change the expansion rate and distance in a way that preserves the FRW relation.
In particular, if the average expansion rate and distance are related by (3.26) and clumpiness
changes the average expansion rate by H¯(z)2 → H¯(z)2 + A+B(1 + z)2 + C(1 + z)3, where
A, B and C are constants (i.e. like a mixture of dust, spatial curvature and vacuum energy
in the FRW model), the relation between the expansion rate and distance is identical to
the FRW case. Likewise, K ′ 6= 0 does not necessarily indicate backreaction, as the relation
between the expansion rate and the distance is also altered in models in which the universe
is spherically symmetric (and inhomogeneous) on Gpc scales [87] and in some models with
extra dimensions [88].
In figure 12 we show K, K ′ and C both for the distance calculated from the average
expansion rate using (3.25) and (3.26) and for the physical distance (more precisely, we use
the FRW model that gives an excellent fit to the physical distance calculated from 1000 light
rays, as discussed in section 3.4). For the average expansion rate, the quantity K is almost
constant, and K ′ and C are small. This corresponds to the fact that backreaction in the
model changes the average expansion rate in almost the same way as FRW negative spatial
curvature. The behaviour of K, K ′ and C is very different in the case of the physical distance.
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For large redshifts this is to be expected, because the two distances agree well only at z . 1.
The discrepancy at small z, in turn, is related to the fact that the denominator of K vanishes
like z2 at small z. For the distance solved from (3.26), the numerator goes to zero at the same
rate, so K is finite at z = 0. However, for the physical distance the numerator only vanishes
like z, so K diverges as 1/z as z approaches zero. From the observational point of view, the
fact that an arbitrarily small mismatch between D′ and H¯ in (3.30) leads to divergent K and
K ′ means that the error bars on K and K ′ diverge at small z. The consistency parameter
C is defined in such a way that it does not diverge at z = 0, so it does not suffer from this
problem. The quantities C calculated from the two distances both go to zero as z goes to
zero, but they differ markedly already at z = 0.1, even though the distances agree well, as
shown in figure 8. The reason is that C is sensitive to the second derivative of the distance,
which can be quite different even when the distances are close.
Effective equations of state. Another useful way of looking at the deviation of the
distance–expansion rate relation from the FRW case is to define separate effective equations
of state for the expansion rate and the distance [20, 21]. The effective expansion rate equation
of state wH is defined as the equation of state of an extra energy density component that
would give the expansion history H¯(z) in a spatially flat FRW model (with the same value
of the dust density parameter Ωm0 as in the backreaction model). From (3.19), (3.20) and
(3.23) we have
wH =
2(1 + z)H¯H¯ ′ − 3H¯2
3H¯2 − 8πGN〈ρm〉
=
2qH − 1
3− 3Ωm . (3.32)
This definition is somewhat inconvenient, because wH diverges if at some moment the ex-
pansion rate is the same as in (and the acceleration is different from) the EdS model. In
particular, this happens if the expansion rate decelerates first less and then more than in the
EdS model, as could be expected if the expansion eventually accelerates [16, 17, 20]. (This
also happens in some models with extra dimensions [88].) It is more informative to consider
the total equation of state defined as
wHtot = (1 + z)
2H¯ ′
3H¯
− 1 = 2qH − 1
3
=
Ωm + 4ΩQ − 1
3
. (3.33)
Correspondingly, the effective distance equation of state wD and the effective total
distance equation of state wDtot are defined to be those of the spatially flat FRW model with
the same distance DA(z) (and Ωm0) as the backreaction model, i.e. we replace H¯ by Hfit and
Ωm by Ωmfit(z) ≡ Ωm0(1 + z)3(H¯0/Hfit(z))2 in (3.32) and (3.33). We again use the redshift
and the distance calculated from the average expansion rate with (3.25) and (3.26).
We show the effective equations of state wH and wD in figure 13a, and wHtot and
wDtot in figure 13b, again both for the distance and the redshift calculated from the average
expansion rate using (3.25) and (3.26) and for the physical distance. The evolution of wH is
close to that of a dust FRW model with an extra energy density component with equation
of state close to −13 . The equation of state wD is very different, but wDtot gives a better
picture of the distance. The behaviour of wDtot is qualitatively similar for both distances,
with a dip towards negative values. For the distance calculated from the average expansion
rate, wDtot goes below −13 . Correspondingly, the deceleration parameter qD ≡ 12(1+ 3wDtot)
shown in figure 6 is negative for a range of redshifts. However, the deceleration parameter
that corresponds to the physical distance dips more moderately, and always remains positive.
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Figure 13. a) The effective equations of state wH and wD. b) The effective equations of state wHtot
and wDtot.
So the model has neither apparent acceleration nor average acceleration [1, 10]. Figure 13b
demonstrates how the distance equation of state qD is biased towards more negative values
(in general, towards −1) than qH . As a result, average acceleration may not be needed to
explain the observations [9, 10, 20]. This biasing can also alleviate tension between having a
negative enough qH and a high enough H¯t.
12
Such biasing is also present in the spatially curved FRW case. The inferred equation
of state can be strongly affected if we try to determine the expansion rate of a FRW model
assuming that it is spatially flat when spatial curvature is in fact non-zero [89]. For the
distance calculated from the average expansion rate in the present model, the biasing can
be understood in the same way, Even though the expansion rate is quite different from the
spatially flat background FRW model, it is close to a negatively curved FRW model. This
follows from the fact that ΩQ is small (i.e. K is almost constant) at all times: then the inte-
grability condition (3.22) implies that 〈(3)R〉 ∝ a−2, just as in the FRW case. Therefore, the
difference between wH and wD can be understood in terms of the FRW distance–expansion
rate relation (3.27): if we try to interpret the distance of a FRW model with K < 0 in terms
of a FRW model with K = 0, the fitting model expansion rate will be larger than the real
expansion rate to reproduce the effect of the sinh term. However, this is not the case for the
physical distance: the relation between the average expansion rate and the physical distance
cannot be understood simply in terms of a FRW spatial curvature. This is a general feature:
if backreaction is significant, its effect cannot be encapsulated in a “global average FRW
model” that would simultaneously account for both the expansion rate and the distance.
This is expected to be the case even for the distance calculated from the average expansion
rate, if the expansion first has extra deceleration and then accelerates [16, 17, 20]. Such
behaviour could be reproduced by having regions with E < 0 in the holes.
12A bound on qH in terms of H¯t was given in [10], but it may not hold if rapidly collapsing regions are
important, as in some toy models [16, 17, 20].
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4 Discussion
Integral formulation and series formulation. The reasoning behind relations (3.25)
and (3.26) between the average expansion rate and redshift and distance is that if we integrate
the light propagation equations, deviations around the average cancel because of statistical
homogeneity and isotropy [21, 22]. Our results validate some aspects of this idea. In par-
ticular, the average expansion rate gives a good description of the redshift, though we have
found that the contribution of the shear is important, in contrast to the arguments of [21, 22].
If we neglect jumps in the Sachs equations due to the surface layers, the angular diameter
distance for z . 1 is also accurately calculable from the average expansion rate. The average
expansion rate was also found to give a good description in [23], where the prescription was
used that the time that light propagates in a given different region is proportional to the
volume of the region, instead of considering light propagation in a complete spacetime that
is a solution of the Einstein equation13.
In contrast to the integral formulation (3.26) used in the present work and in [23], the
redshift and the distance have also been considered in terms of a series expansion [90–92],
which seems to give different results. In particular, it has been suggested that the distance
can be quite different from the FRW case even when the average expansion rate is close
to FRW [92]. The series formulation also suggests large angular variation in the distance.
In [23] (see also [93]), the series formulation was found to disagree with the null geodesic
calculation, unlike the integral formulation.
One issue with the series expansion is that the redshift along a null geodesic is in
general not monotonic, so the distance cannot be written as a function of the redshift [21].
But even in models in which this is not the case, a series expansion can be misleading. If we
approximate a function f(z) between z = 0 and z = z1 with a Taylor series with terms up
to zn, the remainder term is bounded by f
(n+1)
max zn+1/(n+1)!, where f
(n+1)
max is the maximum
value of dn+1f/dzn+1 between 0 and z1. Therefore, the series expansion is inaccurate for
rapidly varying functions. For non-analytic functions the series does not approximate the
function even for small z, even if it converges. For example, consider the expansion rate as
a function of redshift for an observer located on the edge of a stabilised region such as a
galaxy. The expansion rate and its derivatives vanish at the location of the observer. As the
function is not analytic, the Taylor series does not describe it. More realistically, it could be
said that physically the local expansion rate is never exactly zero, and all functions can be
approximated by Taylor series. In this case the problem is that the derivatives are large. The
expansion rate changes rapidly by a factor of unity between a galaxy and an unbound region,
and other quantities change even faster: the energy density varies by orders of magnitude
over distances which are tiny on cosmological scales. In the models considered in [23] and in
the present paper, variations are not so drastic, but there are nevertheless strong variations
on scales that are small compared to the cosmological scale (in our case the density varies by
about a factor of 40 between the most underdense and dense regions in a hole at the present
time).
In the integral formulation, such rapid variations are not important because they cancel
out, leaving only the average contribution. Averages of course depend on the hypersurface
on which they are taken, and the relevant one for the line of sight integral is the hypersurface
13The reason is that the time spent by a light ray in a region scales linearly with the size of the region, and
the probability of a light ray entering a region scales quadratically.
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of statistical homogeneity and isotropy [17, 21, 22, 24, 28, 94, 95]. In the present case, this
is the same as the hypersurface of constant proper time of the observers.
Usefulness of the average expansion rate. It is perhaps surprising that the distance
and the redshift calculated from the average expansion rate give such a good description of
the physical distance (neglecting the jumps due to the surface layers) and redshift. After
all, the average of the expansion rate is taken on the three-dimensional hypersurface of
constant proper time, whereas cancellations in the deviations in the expansion rate along the
null geodesic happen in one dimension. (It has even been questioned whether the average
expansion rate has any physical relevance at all [25].) However, in Euclidean space with
statistically homogeneous and isotropic (and static or slowly evolving) matter distribution,
one-dimensional averages converge to three-dimensional averages, though this may require
distances much longer than the homogeneity scale if the distribution is strongly clumped.
(In the case of curved spacetime, the measures are different for a line integral and a volume
integral, so the outcome is less clear.) For example, in the Millennium simulation, the matter
distribution is very filamentary, and the one-dimensional average density seen by a typical
light ray is about 20% smaller than the three-dimensional average even for distances of 1.5
Gpc [35, 96]. However, deviation of the distance from the background value is much smaller,
less than 1% (see also [36]). Presumably this is related to the fact that the distance depends
on the density via a double integral.
In the limit where the matter distribution consists of pointlike particles and the proba-
bility of a light ray crossing any matter vanishes, one could expect that the average expansion
rate doesn’t give a useful description at all. However, the average expansion rate has been
found to give a useful description also in the discrete models studied in [44, 45]. (Though
one might worry that the geometrical optics approximation could break down [22].) In our
model, the holes occupy a large fraction of space, so a light ray quickly samples a representa-
tive distribution of the expansion rate: a typical light ray spends approximately 50% of the
travel time inside the holes.
It is sometimes claimed that light propagation in a clumpy universe is on average iden-
tical to the FRW situation simply because of flux conservation [97]. However, the proof
presented in [97] assumes that the angular element is given by the FRW metric, which is
the question to be investigated [98], and the LTB model has been used to provide an exact
counterexample [99] (see also [100]). It has also been argued that the distance is close to
FRW as long as light travels through compensated over- and underdensities, and the time
spent by a light ray in a given region is much smaller than the timescale for the evolution of
the gravitational potential of the region [42]. (This argument is tied to perturbation theory,
as the gravitational potential is a perturbative concept.) However, our results, and those of
[23], support the importance of the average expansion rate, not only the average density as in
the Dyer-Roeder approximation [21, 22] (see also [23, 35, 36, 101]). It is the integrated effect
over all regions that is relevant, not the time spent by the light in a given region. However,
in order for the average expansion rate to give a good description, it is necessary that the
distribution of structures does not change significantly during the time that it takes for a
light ray to travel a spatial distance equal to the homogeneity scale.
Relation to Newtonian gravity. In the spherically symmetric subcase, the result that
backreaction is small is related to the fact that in Newtonian gravity, the average expansion
rate of a spherical system is identical to the FRW case [81]. This result is well known under
the name of spherical collapse model. It is sometimes claimed that the result would extend
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to general relativity (at times this is even ascribed to Birkhoff’s theorem; see section 2.5 of
[1]). While this is not true in general, the spatially flat LTB model with E = 0 is close to
Newtonian gravity [58]. The structure of the general quasispherical Szekeres model is similar
to that of the LTB model, as the metric depends on time only via R(t, r), and for small,
long-lived regular holes E is small. From the geometrical point of view, the appearance of
general relativistic degrees of freedom in the Szekeres model is constrained by the fact that
the magnetic part of the Weyl tensor is zero. This is always true in Newtonian theory, but
in general relativity dust models with vanishing magnetic Weyl tensor are a very limited
class of solutions [24, 60, 102–107]. It is conjectured that the Szekeres model is the only
such inhomogeneous and irrotational solution [108] (a proof was claimed in [109]); whether
the class of such solutions with rotation is non-empty is not known. The magnetic part of
the Weyl tensor is non-zero in realistic solutions: for example, it is essential in gravitational
collapse [103]. Its importance for the backreaction of realistic structures is not clear.
5 Conclusion
Summary and outlook. We have proven that the average expansion rate in a Swiss
Cheese dust model with Szekeres holes is close to the FRW model if the holes are small and
long-lived, there are no singularities, the center of the hole is regular and the metric function
R is monotonic in the coordinate radius. By violating the last assumption, we have then built
the first exact statistically homogeneous and isotropic solution in which inhomogeneity has
a significant effect on the average expansion rate, i.e. backreaction is large. The expansion
rate is close to the FRW case at early times, but increases relative to the background at late
times. However, in the model, violating the monotonicity of R requires surface layers.
We have studied the relation of the average expansion rate to the angular diameter
distance and the redshift. The surface layers lead to large jumps in the area expansion rate
of light bundles and sharp turning of light rays. We therefore consider a modified version of
the distance in which we neglect the jumps due to the surface layers. For the redshift, we
consider both the case when the light rays turn sharply as well as a modification in which
we take them to follow straight paths as defined by the background metric. We find that
the modified angular diameter distance is significantly different from the background, but
it is fairly well described by the distance calculated from the average expansion rate up to
redshifts of order unity, though not for larger redshifts. The redshift also differs markedly
from the background value, and it is well described by the average expansion rate, with
statistical fluctuations of less than 10% for the unmodified rays, and less than 5% for the
straight rays. In contrast to expectation, the expansion rate along the light ray is not the
same as the spatial average, though the difference cancels with the contribution of shear
along the light ray. This situation is the same both for unmodified and straight rays.
The results show the usefulness of the spatially averaged expansion rate in describing
light propagation. However, as the unrealistic surface layers have a large effect on light
propagation, it would be interesting to consider models without them. One simple and
physically motivated way to extend the present study and bypass our Szekeres Swiss Cheese
theorem without surface layers would be to resolve unphysical shell crossing and collapse
singularities either by introducing pressure [110] or by applying some other prescription to
include interactions that prevent singularities in real structure formation [72].
Another issue related to the surface layers is that although the local expansion rate, shear
and density asymptotically approach FRW values at early times, this is not the case for the
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metric nor the spatial curvature. It would be interesting to construct exact solutions in which
the metric is perturbatively close to FRW at early times, but backreaction is nevertheless
large at late times.
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